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Disk single Hurwitz numbers.
S.M. Natanzon
It is devoted to memory of I.M. Gelfand
1. Introdution.
The lassial Hurwitz numbers are weighted numbers of overings over a ompat sur-
fae with presribed types of ritial values [5℄. For present the full denition let us
onsider overings with ramiations ϕ : Ω → S over ompat surfae S of genus g by
surfaes Ω. We onsider that two overings ϕ and ϕ′ : Ω′ → S are equivalents if there
exists a homeomorphism f : Ω → Ω′ suh that ϕ′f = ϕ. Denote by Aut(ϕ) the group of
autoequivalene of ϕ and by |Aut(ϕ)| its order.
The overing ϕ is equivalent to a overing z 7→ zn(y) on a neighborhood of any
point y ∈ Ω. Consider formal variables {ai}. The monomial an(y1)...an(y1), where
ϕ−1(x) = {y1, ..., yk}, is alled type of the value x ∈ S. A value of a type a2a
k
1 is alled
simple.
Fix now points x1, . . . , xv ∈ S. Fix also monomials a
1, . . . , av. The (lassial) Hurwitz
number is the sum < a1, .., av >g=
∑
1
|Aut(ϕ)|
, by all equivalent lasses of overings, that
have ritial values of types a1, . . . , av in the points x1, . . . , xv and have not other ritial
values. A Hurwitz number < a >m=< a, a2a
k
1, .., a2a
k
1 >0, where m + 1 is the number
of ritial value is alled lassial single Hurwitz number. The lassial single Hurwitz
number onnet with the intersetion theory on the moduli spae of omplex algebrai
urves [4℄.
Correspond variables pi to variables ai and orrespond monomials pa = pi1...pir to
monomials a = ai1 ...air . Generating funtion for lassial single Hurwitz number is
Φ(λ, p1, p2, ...) =
∑
m≥0
λm
m!
∑
a < a >
m pa, where seond sum is the sum by all monomials.
Aording to [3℄, it satisfy to the "ut-and-join" dierential equation
∂Φ
∂λ
= LλΦ, Lλ =
1
2
∑
ij
(i+ j)pipj
∂
∂pi+j
+
∑
ij
ijpi+j
∂2
∂pi∂pj
.
This is a orollary from the fat that lassial Hurwitz number generate a losed topo-
logial eld theory [2℄. The "ut-and-join" equation has some importent properties. It is
in partiulary a dierential equation for generating funtion of Hodge integrals [6℄.
A denition of Hurwitz numbers for surfaes with boundary and non-orientable surfaes
where suggested in [1℄. In preset paper I dene and investigate dis single Hurwitz numbers
They orrespond to overing of disk with single non-simple boundary ritial value. It is
found, in partiulary, reursive equations dening all disk single Hurwitz numbers.
Generating funtion H for dis single Hurwitz numbers depend from omplex parame-
ters α, β (analog of λ from lassial situation) and 4 innite series of variables p´i, p`i, p¯i, p˙i,
desribing topologial type of non-simple ritial value (analog of pi from lassial sit-
uation). An analog of "ut-and-join" dierential equation
∂Φ
∂λ
= LλΦ is 2 dierential
equation, orresponding to interior and boundary simple ritial values.
These dierential equation follow, from the fat, that Hurwitz numbers for surfaes
with boundary form a open-losed (non-ommutative) topologial eld theory [1℄.
1
2. Hurwitz numbers.
Let D be a losed disk {z ∈ C||z| ≤ 1} with oriented boundary ∂D. We will be onsider
overings with ramiation ϕ : Ω → D of degree k, where Ω is a ompat surfae with a
boundary ∂Ω.
Preimage ϕ−1(x) of an interior point x ∈ D◦ = D \∂D onsists of n = n(x) ≤ k points.
Consider a small simple ontour r ∈ D◦, around x. Its preimage ϕ−1(r) form simple
ontours C1, ..., Cn ∈ Ω
◦
. The set of degrees of restritions (deg(ϕ|C1), ..., deg(ϕ|Cn)) is
alled (topologial) type of interior value x ∈ D◦. Correspond the monomial at11 · · · a
tk
k to
this topologial type. Here ai are ommutated formal variables and ti is the number of
indexes j suh that deg(ϕ|Cj ) = i and a
0
i = 1.
Values of the type ak1 are alled non-ritial. All other interior values are alled interior
ritial values. Any overing has only nite number of interior ritial values. Interior
ritial values of the type ak−11 a2 are alled simple.
A preimage ϕ−1(y) of boundary point y ∈ ∂D also onsists of n = n(y) ≤ k points.
Consider a simple small interval l ⊂ D around y with ends ∂D. The preimage ϕ−1(l) ⊂ Ω
form a graph with k edges. The vertexes of the graph form two groups that orrespond
to two ends of l. For onveniene, we will all one of the ends and the groups "left" and
other "right", onsidering that the moving on ∂D from left to right via y orrespond to
the orientation of ∂D.
The bipartite graph ϕ−1(l) is alled (topologial) type of boundary ritial value y ∈ ∂D
[1℄. The valeny of any vertex of it is not more that 2. Thus onneted omponents of
ϕ−1(l) belong to one of the next type.
• b´i is a graph with i left and i+ 1 right vertexes;
• b`i is a graph with i+ 1 left and i right vertexes;
• b¯i is a graph with i left and i right vertexes;
• b˙i is a losed graph with i left and i right vertexes.
Correspond to the graphes b´i, b¯i, b`i, b˙i ommutative formal variables b´i, b¯i, b`i, b˙i. Corre-
spond the monomial to join of graphs. Thus a topologial of any boundary value is a
monomial b = b´s´11 · · · b´
s´n´
n´ b`
s`1
1 · · · b`
s`n`
n` b¯
s¯1
1 · · · b¯
s¯n¯
n¯ b˙
s˙1
1 · · · b˙
s˙n˙
n˙ , where k =
∑n´
i=1 2s´+
∑n¯
i=1(2s¯i− 1)+∑n`
i=1 2s`i+
∑n˙
i=1 2s˙i. Denote by Aut(b) the group of automorphisms of the graph that
orrespond to the monomial b. Let |Aut(b)| be the order of the group.
The hanging of the order of the vertexes generates the involution b 7→ b∗ on the set of
monomials. In partiulary b´i
∗
= b`i, b¯i
∗
= b¯i, b`i
∗
= b´i, b˙i
∗
= b˙i
The values of types b¯s¯b˙s˙ are alled non-ritial. All other boundary values are alled
boundary ritial values. Any overing has only nite number of boundary ritial values.
Boundary ritial values of the type b´1b¯
n¯
1 b˙
n˙
1 and b`1b¯
n¯
1 b˙
n˙
1 are alled simple boundary ritial
values. We all ritial values of types b´1b¯
n¯
1 b˙
n˙
1 and b`1b¯
n¯
1 b˙
n˙
1 as aute -points and grave-points
respetively.
Covering ϕ1 : Ω1 → D ans ϕ2 : Ω2 → D a alled equivalent if there exists a homeomor-
phism φ : Ω1 → Ω2 suh that ϕ1 = ϕ2φ. The automorphisms groups Aut(ϕi) of equivalent
overings are isomorphi. Denote by |Aut(ϕi)| the order of its.
Fix interior points x1, . . . , xv ∈ D \ ∂D and boundary points y1, . . . , yw ∈ ∂D on a
disk D. We onsider that the numeration of the boundary points is onvenient with
the orientation of ∂D. Fix monomials a1, . . . , av from the variable ai and monomials
2
b1, . . . , bw from the variable b´i, b¯i, b`i, b˙i. The number < a
1, .., av, (b1, .., bw) >
∑
1
|Aut(ϕ)|
is
alled Hurwitz number. Here the sum is taken by all equivalent lasses of overings, having
ritial values in points x1, . . . , xv, y1, . . . , yw of types a
1, . . . , av,b1, . . . , bw and have not
other ritial values. The Hurwitz number don't depend from position of ritial points.
It is kept by any permutation of ai yli permutation of bi. Denote by {F pq} the the
inverse matrix to < (βp, βq) >, where {βp} is the set of all onneted graphs.
Lemma 2.1. If < (c, b) > 6= 0, then c = b∗ and < (c, b) >= 1
|Aut(b)|
.
If < (c, b´1b¯
m¯
1 b˙
m˙
1 , b) > 6= 0, then this is one from the next ases
• < (b˙id
∗, b´1b¯
m¯
1 b˙
m˙
1 , b`id) >=
1
2
1
|Aut(d)|
;
• < (b¯i+jd
∗, b´1b¯
m¯
1 b˙
m˙
1 , b¯ib`jd) >=
1
|Aut(d)|
;
• < (b´i+jd
∗, b´1b¯
m¯
1 b˙
m˙
1 , b`ib`jd) >= (1−
δij
2
) 1
|Aut(d)|
;
• < (b`i+j−1d
∗, b´1b¯
m¯
1 b˙
m˙
1 , b¯ib¯jd) >= (1−
δij
2
) 1
|Aut(d)|
.
If < (c, b`1b¯
m¯
1 b˙
m˙
1 , b) > 6= 0, then this is one from the next ases
• < (b´id, b`1b¯
m¯
1 b˙
m˙
1 , b˙id
∗) >= 1
2
1
|Aut(d)|
;
• < (b¯ib´jd, b`1b¯
m¯
1 b˙
m˙
1 , b¯i+jd
∗) >= 1
|Aut(d)|
;
• < (b´ib´jd, b`1b¯
m¯
1 b˙
m˙
1 , b`i+jd
∗) >= (1−
δij
2
) 1
|Aut(d)|
;
• < (b¯ib¯jd, b`1b¯
m¯
1 b˙
m˙
1 , b´i+j−1d
∗) >= (1−
δij
2
) 1
|Aut(d)|
.
Proof. The rst statement is evident. Let < (c, b´1b¯
m¯
1 b˙
m˙
1 , b) > 6= 0. Then there exists
a overing ϕ : Ω → D with boundary ritial values y1, y2, y3 ∈ ∂D of types c, b´1b¯
m¯
1 b˙
m˙
1 , b
(respetively) and without other ritial values. Let us onsider points z1 ∈ (y1, y2)
and z2 ∈ (y2, y3). The preimage of z1 onsists of m¯ simple points, where ϕ is loal
homeomorphism, and m˙+1 double points where ϕ is loal two-sheeted. The preimage of
z2 onsists of m¯+ 2 simple points and m˙ double points.
Let p1, p2 ∈ ϕ
−1(z2) be simple points, orresponding to b´1. They ome to simple points
q1, q2 of b. Then we have one from the next ases
• q1 and q2 belong to one onneted omponent of type b`i;
• q1 and q2 belong to onneted omponents of types b¯i and b`j;
• q1 and q2 belong to dierent onneted omponents of types b¯i and b¯j;
• q1 and q2 belong to dierent onneted omponents of types b`i and b`j.
In the rst ase b = b`id. Let us onsider the restrition ϕ
′ : Ω′D of ϕ on the onneted
omponent, ontaining the points q1, q2. Consider the restrition ϕ
′′ : Ω′′D of ϕ on the
omplement Ω′′ = Ω \Ω′. The overing ϕ′′ has the ritial values y1, y3 ∈ ∂D of the types
d∗, d. Therefore ϕ′ has ritial values y1, y2, y3 ∈ ∂D of types b˙i, b´1e, b`i. Thus ϕ has ritial
values y1, y2, y3 ∈ ∂D of types b˙id
∗, b´1b¯
m¯
1 b˙
m˙
1 , b`id.
The equivalent lass of ϕ′ (respetively ϕ′′) ontain of all overings that have the same
types of ritial values as ϕ′ (respetively ϕ′′). Moreover, Aut(ϕ) = Aut(ϕ′) × Aut(ϕ′′).
Thus < (b˙id
∗, b´1b¯
m¯
1 b˙
m˙
1 , b`id) >=
1
|Aut(ϕ)|
= 1
|Aut(ϕ′)|
1
|Aut(ϕ′′)|
= 1
|Aut(ϕ′)|
1
|Aut(d)|
. The
group Aut(ϕ′) is generated by involution that transpose the points p1 and p2. Thus
< (b˙id
∗, b´1b¯
m¯
1 b˙
m˙
1 , b`id) >=
1
2
1
|Aut(d)|
.
Analogial arguments prove other ases. The main dierene onsists of properties of
Aut(ϕ′). This group is non trivial only for i = j in the last two ases.
3
Changing of orientation of the boundary of the disk we found that
< (a, b, c) >=< (c∗, b∗, a∗) >. Thus the seond statement of the lemma follow
from the rst.

We denote graphs b´i and b`i by bˆi in situations when dierenes between them are not
important. Denote by |b| and all length the number of edges in onneted graph b. In
partiulary, |b¯i| = 2i − 1 |bˆi| = |b´i| = |b`i| = 2i. Denote by |b| the minimum of lengths of
onneted omponents of arbitrary graph b.
Lemma 2.2. If < am1 a2, (c, b) > 6= 0, then this is one from the next ases
• < am1 a2, (b˙ib˙jd
∗, b˙i+jd) >= (1−
δij
2
) 1
|Aut(d)|
;
• < am1 a2, (b˙ib¯jd
∗, b¯i+jd) >=
|b¯j |
|Aut(d)|
;
• < am1 a2, (b˙ib`jd
∗, b´i+jd) >=
|bˆj |
|Aut(d)|
;
• < am1 a2, (b˙ib´jd
∗, b`i+jd) >=
|bˆj |
|Aut(d)|
;
• < am1 a2, (b¯ib`jd
∗, b¯k b´ld) >= δ(i+j)(k+l)
|b¯ibˆj b¯k bˆl|
|Aut(d)|
;
• < am1 a2, (b´ib`jd
∗, b¯k b¯ld) >= δ(i+j+1)(k+l)
|bˆibˆj b¯k b¯l|
|Aut(d)|
;
• < am1 a2, (b`ib`jd
∗, b´k b´ld) >= (1−
δijδkl
2
)δ(i+j)(k+l)
|bˆibˆj bˆk bˆl|
|Aut(d)|
;
• < am1 a2, (b¯ib¯jd
∗, b¯k b¯ld) >= (1−
δijδkl
2
)δ(i+j)(k+l)
|b¯ib¯j b¯k b¯l|
|Aut(d)|
,
Proof. Let < am1 a2, (c, b) > 6= 0. Then there exists a overing ϕ : Ω → D with boundary
ritial values x, y1, y2 ∈ ∂D of types a
m
1 a2, c, b (respetively) and without other ritial
values. Let us onsider a segment l ⊂ ∂D, onneting y1 and y2 by x. Consider also
a simple small interval li ⊂ D near yi with ends on ∂D \ (∂D ∩ U). Then the graph
bi = ϕ
−1(li) is the topologial type of yi.
Consider a homotopyϕ : [1, 2] → D between l1 and l2 suh that ϕ(t
′) ∩ ϕ(t′′) = ∅
for t′ 6= t′′. Preimage ϕ−1(xt) of xt = ϕ(t) ∩ l onsists of degϕ points if xt 6= x and
onsists ofdegϕ − 1 points if xt = x. This desribe the reonstrution of the graph
bt = ϕ
−1(lt) in the moment, when xt 6= x. The same reonstrution map the graph b1 to
the graph b∗2. This onsists of a utting of 2 edges of b1 and the gluing of its with the
hanging. For realization of this reonstrution by a overing ϕ : Ω → D it is neessary
that the orientation of the edges, that appear from order of vertexes, are generated by
an orientation of ∂D. All pears of graphs b1, b2 of suh type and its reonstrutions are
presented in lemma 2.2. This gives also and orresponding Hurwitz numbers.

3. Disk single Hurwitz numbers.
We will be say that a boundary ritial values p′ of a overing ϕ preedes a boundary
ritial values p′′ of ϕ if the orientation of ∂D generate the orientation of (p′, p′′) from p′
to p′′ and (p′, p′′) does not ontain any ritial values.
Denote by H(m, mˆ, b) the sen of equivalent lasse of overing with m interior simple
ritial values, with mˆ boundary simple ritial values and with single non obviously
simple ritial value of type b (that is alled speial). The set H(m, mˆ, b) deompose into
subsets H(m, m´, m`, b), that onsists of overings with m interior ritial values, m´ aute-
points, m` grave-points. The set H(m, m´, m`, b) deompose into 2 subsets H´(m, m´, m`, b)
4
and H`(m, m´, m`, b). The rst (respetively seond) onsists of overing where a aute-point
(respetively a grave-point) preedes the speial ritial value.
Denote by h(m, mˆ, b) (respetively h(m, m´, m`, b), h´(m, m´, m`, b), h`(m, m´, m`, b)) the
sum of Hurwitz numbers from H(m, mˆ, b) (respetively H(m, m´, m`, b), H´(m, m´, m`, b),
H`(m, m´, m`, b)). Extend the denitions of the numbers h(m, mˆ, b), h(m, m´, m`, b),
h´(m, m´, m`, b) and h`(m, m´, m`, b) on quotients of monomials b = b
1
b2
. Here we onsider
that these numbers are 0, if b is not monomial. The number h(m, mˆ, b) is alled a disk
single Hurwitz number.
Example 3.1. If h(0, 0, b) > 0, then b = b¯s¯11 · · · b¯
s¯n¯
n¯ b˙
s˙1
1 · · · b˙
s˙n˙
n˙ and h(0, 0, b) =
∏n¯
i=1
1
s¯i!∏n˙
i=1
1
is˙i!
.
Lemma 3.1. Let b = b´s´11 ...b´
s´n´
n´ b`
s`1
1 ...b`
s`n`
n` b¯
s¯1
1 ...b¯
s¯n¯
n¯ b˙
s˙1
1 ...b˙
s˙n˙
n˙ . Then h´(m, m´ + 1, m`, b) =∑
i
i
2
(s˙i+1)h(m, m´, m`, b
b˙i
b`i
)+
∑
ij
((s¯i+j +1)h(m, m´, m`, b
b¯i+j
b¯ib`j
)+ (s`i+j +1)h(m, m´, m`, b
b`i+j
b`i b`j
)+
(s´i+j−1 + 1)h(m, m´, m`, b
b´i+j−1
b¯i b¯j
)).
Proof. Consider a overing ϕ : Ω → D from H´(m, m´ + 1, m`, b). Denote by y and y′
the speial point and the preedes of it ritial boundary point respetively. Collapse to
a point yl a segment l ∈ D with ends on ∂D, that separate the points y, y
′
from other
ritial values. Then we have two disks D′ and D′′ and two overings ϕ′ : Ω′ → D′,
ϕ′′ : Ω′′ → D′′. The ritial values of ϕ′ are yl, y
′
and y. Comparing the disks D
and D′′ we see, that ϕ′′ ∈ H(m, m´, m`, c) for some monomial c. Thus, aording to [1℄,
H´(m, m´+1, m`, b) =
∑
pq
H(m, m´, m`, βp) > F
pq < (βq, b´1b¯
n¯
1 b˙
n˙
1 , b) >, where {βp} is the set of
all bipartite graphes, {F pq} is the invert matrix to < (βp, βq) > and the sum is given by
all pairs of bipartite graphes. It is follow from lemma 2.1, that F pq = δβp,β∗q = |Aut(βp)|.
Moreover it is follow from lemma 2.1, that the sum in the right parte of deompose to 4
subsumes. These subsumes depend from forms of b and βq = β
∗
p .
Let b = b`id and βq = b˙id
∗
. Then |Aut(βp)| = |Aut(b˙id)|
= |Aut(d)|
is˙i s˙i!
is˙i+1(s˙i + 1)! = |Aut(d)|i(s˙i + 1). Moreover < (βq, b´1b¯
n¯
1 b˙
n˙
1 , b) >=
< (b˙id
∗, b´1b¯
n¯
1 b˙
n˙
1 , b`id) >=
1
2
1
|Aut(d)|
aording to lemma 2.1. Thus this sub-
sume is
∑
i
i
2
(s˙i + 1)h(m, m´, m`, b
b˙i
b`i
) Let b = b¯ib`jd and βq = b¯i+jd
∗
. Then
|Aut(βp)| = |Aut(b¯i+jd)| =
|Aut(d)|
s¯i+j !
(s¯i+j + 1)! = |Aut(d)|(s¯i+j + 1). More-
over < (βq, b´1b¯
n¯
1 b˙
n˙
1 , b) >= < (b¯i+jd
∗, b´1b¯
n¯
1 b˙
n˙
1 , b¯ib`jd) >=
1
|Aut(d)|
. Thus this sub-
sume is
∑
ij
(s¯i+j + 1)h(m, m´, m`, b
b¯i+j
b¯i b`j
). Let b = b`ib`jd and βq = b´i+jd
∗
. Then
|Aut(βp)| = |Aut(b`i+jd)| =
|Aut(d)|
2s`i+j s`i+j !
2(s`i+j+1)(s`i+j + 1)! = 2|Aut(d)|(s`i+j + 1). More-
over < (βq, b´1b¯
n¯
1 b˙
n˙
1 , b) >= < (b´i+jd
∗, b´1b¯
n¯
1 b˙
n˙
1 , b`ib`jd) >= (1 −
δij
2
) 1
|Aut(d)|
. Thus this
subsume is
∑
ij
(s`i+j + 1)h(m, m´, m`, b
b`i+j
b`ib`j
). Let b = b¯ib¯jd and βq = b`i+j−1d
∗
. Then
|Aut(βp)| = |Aut(b´i+j−1d)| =
|Aut(d)|
2(s´i+j−1)s´i+j−1!
2(s´i+j−1+1)(s´i+j−1 + 1)! = 2|Aut(d)|(s´i+j−1 + 1).
5
Moreover < (βq, b´1b¯
n¯
1 b˙
n˙
1 , b) >= < (b`i+j−1d
∗, b´1b¯
n¯
1 b˙
n˙
1 , b¯ib¯jd) >= (1 −
δij
2
) 1
|Aut(d)|
. Thus this
subsume is
∑
ij
(s´i+j−1 + 1)h(m, m´, m`, b
b´i+j−1
b¯ib¯j
).

Lemma 3.2. Let b = b´s´11 ...b´
s´n´
n´ b`
s`1
1 ...b`
s`n`
n` b¯
s¯1
1 ...b¯
s¯n¯
n¯ b˙
s˙1
1 ...b˙
s˙n˙
n˙ .
Then h`(m, m´, m` + 1, b) =
∑
i
(s`i + 1)h(m, m´, m`, b
b`i
b˙i
)+
∑
ij
(2(s¯i + 1)(s`j + 1)h(m, m´, m`, b
b¯i b`j
b¯i+j
)+ 2((s`i + 1)(s`j + 1) + δij(s`i + 1))h(m, m´, m`, b
b`ib`j
b`i+j
)+
1
2
((s¯i + 1)(s¯j + 1) + δij(s¯i + 1))h(m, m´, m`, b
b¯ib¯j
b´i+j−1
)).
Proof. The proof of this lemma is the same that the previous , us-
ing the seond part of lemma 2.1. If (βq, b`1b¯
n¯
1 b˙
n˙
1 , b) = (b´id
∗, b`1b¯
m¯
1 b˙
m˙
1 , b˙id),
Then |Aut(βp)| = |Aut(b`id)| = 2|Aut(d)|(s`i + 1) and < (βq, b´1b¯
n¯
1 b˙
n˙
1 , b) >=
< (b´id
∗, b`1b¯
m¯
1 b˙
m˙
1 , b˙id) >=
1
2
1
|Aut(d)|
. Thus this subsume is
∑
i
(s`i + 1)h(m, m´, m`, b
b`i
b˙i
).
If (βq, b`1b¯
n¯
1 b˙
n˙
1 , b) = (b¯ib´jd
∗, b`1b¯
m¯
1 b˙
m˙
1 , b¯i+jd), then |Aut(βp)| = |Aut(b¯ib`jd)| =
2|Aut(d)|(s¯i + 1)(s`j + 1) and < (βq, b´1b¯
n¯
1 b˙
n˙
1 , b) >= < (b¯ib´jd
∗, b`1b¯
m¯
1 b˙
m˙
1 , b¯i+jd) >=
1
|Aut(d)|
.
Thus this subsume is 2
∑
ij
(s¯i + 1)(s`j + 1)h(m, m´, m`, b
b¯ib`j
b¯i+j
). If
(βq, b`1b¯
n¯
1 b˙
n˙
1 , b) = (b´ib´jd
∗, b`1b¯
m¯
1 b˙
m˙
1 , b`i+jd), then |Aut(βp)| = |Aut(b`ib`jd)| =
4|Aut(d)|((s`i + 1)(s`j + 1) + δij(s`i + 1)) and < (b´ib´jd
∗, b`1b¯
m¯
1 b˙
m˙
1 , b`i+jd) >= (1 −
δij
2
) 1
|Aut(d)|
Thus this subsume is 2
∑
ij
((s`i + 1)(s`j + 1) + δij(s`i + 1))h(m, m´, m`, b
b`i b`j
b`i+j
).
If (βq, b`1b¯
n¯
1 b˙
n˙
1 , b) = (b¯ib¯jd
∗, b`1b¯
m¯
1 b˙
m˙
1 , b´i+j−1d), then |Aut(βp)| = |Aut(b¯ib¯jd)| =
|Aut(d)|((s¯i + 1)(s¯j + 1) + δij(s¯i + 1)) and < (βq, b´1b¯
n¯
1 b˙
n˙
1 , b) >=
< (b¯ib¯jd, b`1b¯
m¯
1 b˙
m˙
1 , b´i+j−1d
∗) >= (1 −
δij
2
) 1
|Aut(d)|
. Thus this subsume is
1
2
∑
ij
((s¯i + 1)(s¯j + 1) + δij(s¯i + 1))h(m, m´, m`, b
b¯ib¯j
b´i+j−1
).

The previous lemmas give
Theorem 3.1. Let b = b´s´11 ...b´
s´n´
n´ b`
s`1
1 ...b`
s`n`
n` b¯
s¯1
1 ...b¯
s¯n¯
n¯ b˙
s˙1
1 ...b˙
s˙n˙
n˙ . Then h(m, mˆ + 1, b) =∑
i
i
2
(s˙i + 1)h(m, mˆ, b
b˙i
b`i
)+
∑
ij
((s¯i+j + 1)h(m, mˆ, b
b¯i+j
b¯i b`j
)+ (s`i+j + 1)h(m, mˆ, b
b`i+j
b`i b`j
)+
(s´i+j−1+1)h(m, mˆ, b
b´i+j−1
b¯i b¯j
))+
∑
i
(s`i+1)h(m, mˆ, b
b`i
b˙i
)+
∑
ij
(2(s¯i+1)(s`j+1)h(m, mˆ, b
b¯ib`j
b¯i+j
)+
2((s`i+1)(s`j+1)+δij(s`i+1))h(m, mˆ, b
b`i b`j
b`i+j
)+ 1
2
((s¯i+1)(s¯j+1)+δij(s¯i+1))h(m, mˆ, b
b¯i b¯j
b´i+j−1
)).
Analogial theorem for interior points is
Theorem 3.2. Let b = b´s´11 ...b´
s´n´
n´ b`
s`1
1 ...b`
s`n`
n` b¯
s¯1
1 ...b¯
s¯n¯
n¯ b˙
s˙1
1 ...b˙
s˙n˙
n˙ .
Then h(m+ 1, mˆ, b) =
∑
ij
( i+j
2
(s˙i+j + 1)h(m, mˆ, b
b˙i+j
b˙i b˙j
)+ ij
2
((s˙i + 1)(s˙j + 1) + δij(s˙i + 1))h(m, mˆ, b
b˙ib˙j
b˙i+j
)+
|b¯j |(s¯i+j + 1)h(m, mˆ, b
b¯i+j
b˙i b¯j
)+ i|b¯j |(s˙i + 1)(s¯j + 1)h(m, mˆ, b
b˙ib¯j
b¯i+j
)+
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2|bˆj |(s´i+j + 1)h(m, m´, m´, b
b´i+j
b˙i b´j
)+ 2i|bˆj |(s˙i + 1)(s´j + 1)h(m, m´, m´, b
b˙ib´j
b´i+j
)+
2|bˆj |(s`i+j + 1)h(m, mˆ, b
b`i+j
b˙ib`j
)+ 2i|bˆj |(s˙i + 1)(s`j + 1)h(m, mˆ, b
b˙ib`j
b`i+j
))+
∑
i+j=k+l
(2|b¯ibˆj b¯k bˆl|(s¯i+1)(s´j+1)h(m, mˆ, b
b¯ib´j
b¯k b´l
)+ 2|b¯ibˆj b¯k bˆl|(s¯i+1)(s`j+1)h(m, mˆ, b
b¯i b`j
b¯k b`l
))+
∑
i+j+1=k+l
2(1 + δkl)|bˆibˆj b¯k b¯l|(s´i + 1)(s`j + 1)h(m, mˆ, b
b´i b`j
b¯k b¯l
)+
∑
i+j=k+l+1
1
2
(1 + δij)|b¯ib¯j bˆk bˆl|((s¯i + 1)(s¯j + 1) + δij(s¯i + 1))h(m, mˆ, b
b¯i b¯j
b´k b`l
)+
∑
i+j=k+l
(1 + δij)(1 + δkl) (
1
4
|b¯ib¯j b¯k b¯l|((s¯i + 1)(s¯j + 1) + δij(s¯i + 1))h(m, mˆ, b
b¯ib¯j
b¯k b¯l
)+
|bˆibˆj bˆk bˆl|((s´i + 1)(s´j + 1) + δij(s´i + 1))h(m, mˆ, b
b´i b´j
b´k b´l
)+
|bˆibˆj bˆk bˆl|((s`i + 1)(s`j + 1) + δij(s`i + 1))h(m, mˆ, b
b`i b`j
b`k b`l
)),
Proof. Consider a overing ϕ : Ω → D from H´(m + 1, mˆ, b). Denote by y and x
the speial ritial point and an interior ritial point respetively. Collapse to a point
yl a segment l ∈ D with ends on ∂D, that separate the points y, x from other rit-
ial values. Then we have two disks D′ and D′′ and two overings ϕ′ : Ω′ → D′,
ϕ′′ : Ω′′ → D′′. The ritial values of ϕ′ are yl, y and x. Comparing the disks D
and D′′ we see, that ϕ′′ ∈ H(m, mˆ, c) for some monomial c. Thus, aording to [1℄,
H´(m+ 1, mˆ, b) =
∑
pq
H(m, mˆ, βp) > F
pq < (βq, b´1b¯
n¯
1 b˙
n˙
1 , b >.
It is follow from lemma 2.2 that the sum from the right parte deompose on 15 subsumes.
Any subsume is alulated similar as in lemmas 3.1 and 3.2.

Theorems 3.1, 3.2 give an algorithm for alulation of all Hurwitz numbers h(m, mˆ, b),
starting from h(0, 0, b).
4. Differential equations on generating the funtion.
Consider the algebra of formal power series, generated by ommutative variables
p´i, p`i, p¯i, p˙i. Correspond the monomial pb = p´
s´1
1 ...p´
s´n´
n´ p`
s`1
1 ...p`
s`n`
n` p¯
s¯1
1 ...p¯
s¯n¯
n¯ p˙
s˙1
1 ...p˙
s˙n˙
n˙ to monomial
b = b´s´11 ...b´
s´n´
n´ b`
s`1
1 ...b`
s`n`
n` b¯
s¯1
1 ...b¯
s¯n¯
n¯ b˙
s˙1
1 ...b˙
s˙n˙
n˙ .
Consider the generating funtion
H`(α, β, γ|p´1, p`1, p¯1, p˙1, p´2, ...) =
∑
m,m´,m`≥0
αm
m!
βm´
m´!
γm`
m`!
∑
b
h`(m, m´, m`, b)pb,
where the seond sum is the sum by all monomial b. In
partiulary,H´(0, 0|...) = H`(0, 0|...) = exp(p¯1 +
p˙1
2
). Put H = H´ + H`
Theorem 4.1.
∂H´
∂β
= LβH,
ãäå
Lβ =
∑
i
ip`i
∂
∂p˙i
+
∑
ij
(p¯ip`j
∂
∂p¯i+j
+ p`ip`j
∂
∂p`i+j
+ p¯ip¯j
∂
∂p´i+j−1
)
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Proof. Let b = b´s´11 ...b´
s´n´
n´ b`
s`1
1 ...b`
s`n`
n` b¯
s¯1
1 ...b¯
s¯n¯
n¯ b˙
s˙1
1 ...b˙
s˙n˙
n˙ , where n´ = n´(b), s´i = s´i(b),
n` = n`(b), s`i = s`i(b) n¯ = n¯(b), s¯i = s¯i(b) n˙ = n˙(b), s˙i = s˙i(b).
It is follow from theorem 3.1 that
∂H´
∂β
=
∑
m,m´,m`≥0
αm
m!
βm´
m´!
γm`
m`!
∑
b h´(m, m´+ 1, m`, b)pb =∑
m,m´,m`≥0
αm
m!
βm´
m´!
γm`
m`!
∑
b
∑∞
i=1 i(s˙i + 1)h(m, m´, m`, b
b˙i
b`i
)pb+
∑
m,m´,m`≥0
αm
m!
βm´
m´!
γm`
m`!
∑
b
∑∞
i=1
∑∞
j=1(s¯i+j + 1)h(m, m´, m`, b
b¯i+j
b¯ib`j
)pb+
∑
m,m´,m`≥0
αm
m!
βm´
m´!
γm`
m`!
∑
b
∑∞
i=1
∑∞
j=1(s`i+j + 1)h(m, m´, m`, b
b`i+j
b`ib`j
)pb+
∑
m,m´,m`≥0
αm
m!
βm´
m´!
γm`
m`!
∑
b
∑∞
i=1
∑∞
j=1(s´i+j−1 + 1)h(m, m´, m`, b
b´i+j−1
b¯i b¯j
)pb
Make the hanging c = b b˙i
b`i
in the rst summand. Then
pc = pb
p˙i
p`i
and pb = pc
p`i
p˙i
= p`i
∂pc
∂p˙i
(s˙i + 1)
−1
. Thus
∑
b
∑∞
i=1
i
2
(s˙i + 1)h(m, mˆ, b
b˙i
b`i
)pb =
∑
c
∑∞
i=1
i
2
h(m, mˆ, a)p`i
∂pc
∂p˙i
, where the sum is
given by all monomial c.
Make the hanging c = b
b¯i+j
b¯i b`j
in the seond summand. Then
pc = pb
p¯i+j
p¯ip`j
and pb = pc
p¯ip`j
p¯i+j
= p¯ip`j
∂pc
∂p¯i+j
(s¯i+j + 1)
−1
. Thus
∑
b
∑∞
i=1
∑∞
j=1(s¯i+j + 1)h(m, mˆ, b
b¯i+j
b¯ib`j
)pb =
∑
c
∑∞
i=1
∑∞
j=1 h(m, mˆ, c)p¯ip`j
∂pc
∂p¯i+j
.
Analogially,
∑
b
∑∞
i=1
∑∞
j=1(s`i+j + 1)h(m, mˆ, b
b`i+j
b`i b`j
)pb =
∑
c
∑∞
i=1
∑∞
j=1 h(m, mˆ, c)p`ip`j
∂pc
∂p`i+j
and
∑
b
∑∞
i=1
∑∞
j=1(s´i+j−1 + 1)h(m, mˆ, b
b´i+j−1
b¯ib¯j
)pb =
∑
c
∑∞
i=1
∑∞
j=1 h(m, mˆ, c)p¯ip¯j
∂pc
∂p´i+j−1
. Thus
∂H´
∂β
= LβH .

Analogially, using lemma 3.2 instead lemma 3.1 we prove
Theorem 4.2.
∂H`
∂γ
= LγH,
ãäå
Lγ =
∞∑
i=1
p˙i
∂
∂p`i
+
∑
ij
(2p¯i+j
∂2
∂p¯i∂p`j
+ 2p`i+j
∂2
∂p`i∂p`j
+
1
2
p´i+j−1
∂2
∂p¯i∂p¯j
).
The last theorem of the paper is
Theorem 4.3.
∂H
∂α
= LαH,
where
Lα =
∑
ij
(
i+ j
2
p˙ip˙j
∂
∂p˙i+j
+
ij
2
p˙i+j
∂2
∂p˙i∂p˙j
+ |b¯j|p˙ip¯j
∂
∂p¯i+j
+ i|b¯j |p¯i+j
∂2
∂p˙i∂p¯j
+
2|bˆj|p˙ip´j
∂
∂p´i+j
+ 2i|bˆj |p´i+j
∂2
∂p˙i∂p´j
+ 2|bˆj |p˙ip`j
∂
∂p`i+j
+ 2i|bˆj |p`i+j
∂2
∂p˙i∂p`j
)+
∑
i+j=k+l
2(|b¯ibˆj b¯k bˆl|p¯kp´l
∂2
∂p¯i∂p´j
+ |b¯ibˆj b¯k bˆl|p¯kp`l
∂2
∂p¯i∂p`j
)+
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∑i+j+1=k+l
2(1 + δkl)|bˆibˆj b¯k b¯l|p¯kp¯l
∂2
∂p´i∂p`j
+
∑
i+j=k+l+1
1
2
(1 + δij)|b¯ib¯j bˆk bˆl|p´kp`l
∂2
∂p¯i∂p¯j
+
∑
i+j=k+l
(1+ δij)(1+ δkl)(
1
4
|b¯ib¯j b¯k b¯l|p¯kp¯l
∂2
∂p¯i∂p¯j
+ |bˆibˆj bˆk bˆl|p`kp`l
∂2
∂p`i∂p`j
+ |bˆibˆj bˆk bˆl|p´kp´l
∂2
∂p´i∂p´j
)
The proof use theorem 3.2 and is given by the same method that the proof of theorem
4.1.
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